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Abstract 13 
 14 
Experimental work has demonstrated that cracks can be healed in ordinary cementitious 15 
materials in the presence of water. The primary healing mechanisms are hydration of the 16 
unreacted nuclei of cement particles and the long-term formation of calcite. A mathematical 17 
model for simulating early-age autogenous healing of ordinary cement-based materials is 18 
proposed, which employs a coupled thermo-hygro-chemical (THC) framework and which 19 
uses a reactive water transport component to predict the movement of healing materials. A 20 
single concentration variable is employed for the healing component of the model that is 21 
derived directly from the quantity of unreacted cement and computed using a generalised 22 
cement hydration model component. The hydration component is directly linked to an 23 
expression for capillary porosity and for the porosity of the material within a healed crack. 24 
The results from a series of model simulations are in good general agreement with 25 
experimental data from tests on autogenous healing.  26 
  27 
Nomenclature 28 
a
 material parameter  XK  order of reaction of mineral X  
ia  constant; ∈i [1,5]  m  material parameter 
kA , ΓA
pA , wA  
material parameters  im  
mass of i  per unit volume [kgm-3] 
λA  material parameters [K-1]  imπɺ  type i  mass rate of phase π [kgm-3s-1] 
crackA  area under the crack width curve [m2]  imc  type i  moisture content 
b  material parameter  wM
 
molar mass of the water [kgkmol-1] 
ib  constant; ∈i [1,5]  ne number of finite elements 
vB  material coefficient  nn  number of nodes 
1c , 2c  empirical constants  n  unit normal vector 
FAc  porosity coefficient due to FA  
 N  vector of shape function 
ηc  material parameter  ip  pressure type i  [Pa] 
Cˆ  global secant capacitance matrix  πq  imposed flux of phaseπ [kgm-2s-1;Jm-2s-1] 
i
SCη  material coefficient of porosity type i   hQ  rate of heat generation [Jm-3s-1] 
π
pC  specific heat capacity of π  [JK-1kg-1]  R  ideal gas constant [JK-1kmol-1] 
czd  porosity material coefficient in crack zone  RH  relative humidity 
iDπ  type i  diffusion coefficient of π  [m
2s-1]  
ckR  average radius of the clinker grain [m] 
E
 
activation energy of the reaction [Jkmol-1] 
 πS  saturation degree of phase π  
if  weight ratio of i  in terms of total cement 
content [%]  t  time [s] 
sf  structure coefficient   T  temperature [K] 
Fˆ  global right-hand side vector  wsv  mass-averaged velocity of water phase with 
respect to solid phase[ms-1] 
g  gravity vector [ms-2]  iV  volume of i per unit volume [m3m-3] 
iH  total heat of hydration of material i  [Jm-3]  crackw
 
crack width [m] 
iJπ  type i  flux of phase π  [kgm-2s-1]  refw  reference crack width [m] 
ikπ  type i  permeability coefficient of π  [m2]  ultiw  ultimate quantity of the gel water i [kgm
-3] 
Kˆ  global secant hydraulic conductivity matrix  cw /  water-cement ratio 
 29 
Greek symbols 30 
α
 
empirical constant  Φδ  increment of the vector of unknowns 
Lgα  longitudinal dispersivity coefficient [m]  vH∆  specific heat of evaporation [J kg-1] 
Pα
 
precipitation parameter  t∆  time increment [s] 
β
 
hydration shape parameter  η
 
porosity 
Trβ  transversal dispersivity coefficient [m]  Xκ  rate constant of the mineral X  
Pβ
 
precipitation parameter  effdryλ  effective thermal conductivity of a dry material [W K-1 m-1] 
γ  filling fraction  wµ  dynamic viscosity of liquid water [Pa s] 
normγ  normalized filling fraction  πρ
 
density of phase/material π  [kg m-3] 
Γ  degree of hydration  πρ
 
phase-averaged density of π  [kg m-3] 
qΓ  boundary of the domain  pCρ
 
storage heat capacity [J m-3 K-1] 
ijδ  Kronecker delta  τ  hydration time parameter 
Tδ  heat transfer coefficient [W m-2 K-1]  Φ  vector of unknowns 
wvδ  moisture transfer coefficient [m s-1]  Ψ  residual vector 
ωδ  solute transfer coefficient [kg s-1 m-2]  ω  mass of unreacted cement per mass of 
capillary solution [kg kg-1] 
 
 
 Ω
 
domain 
  31 
Subscripts/superscripts- 32 
agg  aggregate  eff  effective value  P  precipitate 
atm  atmospheric  1endST  end of stage 1  ref  reference value 
A  advective  env  environmental value  rel  relative value 
AW  adsorbed water  FA  fly ash  res  residual value 
cap  capillary  g  gas  s  solid 
cem
 Portland cement  GGBF  ground-granulated blast-
furnace slag cement 
 
sat  saturated value 
clink  clinker  hyd  hydration  str  strain 
cr
 critical value  int  intrinsic value  SCM  supplementary 
cementing materials 
cz
 crack zone  
matint  intrinsic value of the 
matured paste 
 SGW  small gel water 
CBW  chemically 
combined water 
 I  end of the induction period  tot  total 
CD  conductive  IGW  intraglobular water  T  temperature 
CW  capillary water  ILW  interlayer water  ult  ultimate value 
da  dry air  k  iteration number  UCP  unreacted cement paste 
des  desorption  LGW  large gel pore water  v  water vapour 
dry  dry condition value  mol  molecular  w  liquid water 
D  diffusive  n step number  wv  moisture 
DD  diffusive-
dispersive 
 NG  end of the nucleation and 
growth controlled period 
 
ω
 solute 
e
 elemental value  per  percolation threshold of Γ   0  initial value 
ea
 entrapped air  pm  porous material    
 33 
Notations 34 
•  time derivative of X   
Dt
D s
 
material time derivative with 
respect to the solid phase 
 div  divergence operator 
(spatial description) 
   
X∂
∂
 
partial derivative with 
respect to X  
 grad  gradient operator 
(spatial description) 
 35 
1. Introduction 36 
Cementitious composites are quasi-brittle materials that develop their porous internal micro-37 
structure during hydration. The complex pore structure within these materials, along with any 38 
micro-cracks present, largely governs the moisture and heat transfer properties of the 39 
composite material. Structures formed from these cementitious materials have frequently 40 
suffered from poor durability that has resulted in expensive repair and maintenance work. In 41 
recent years, researchers have investigated new cementitious materials that have the ability 42 
to self-repair, as a possible remedy to these durability problems.  43 
Since Turner’s first discussion on crack repair [1], the pace of experimental research on self-44 
healing in cementitious has greatly accelerated [2-4]. Van Tittelboom and De Belie [2] 45 
provided an extensive state-of-the-art review of research on self-healing in cementitious 46 
materials in which the authors identified two main groups of self-healing techniques: (i) 47 
‘autonomic’ healing, in which a single or multi-component healing agent is released from 48 
embedded capsules or vascular systems by damage and temperature activation [3] and (ii) 49 
‘intrinsic’/ ‘autogenic’ self-healing, based on the chemical reactions between the components 50 
of the cementitious matrix. In the latter case, the recovery of mechanical or durability 51 
properties is obtained either by autogenous healing or by healing in a polymer modified 52 
concrete [2]. Initially, autogenous healing was attributed solely to ongoing hydration of the 53 
remnant clinker and intercrystallisation of the fractured crystals [1]. More recent research 54 
suggests that continuous hydration is only predominant in the first weeks after casting, when 55 
the amount of unreacted cement is significant, but that calcite formation is the main 56 
mechanism thereafter [2,4–6]. Experimental tests showed a decrease of water permeability, 57 
a recovery of stiffness and a regain of compressive and flexural strengths [4–11]. The 58 
number of numerical studies on autogenous healing is still limited. Ter Heide [12] 59 
incorporated the bar and ribbon models developed by Lokhorst [13] and Koenders [14] and 60 
used bridging particles to fill the existing gaps between the clusters of hydrates formed as a 61 
result of the expansion of unhydrated cement. The distribution and further hydration of these 62 
particles were simulated considering diffusion and thermodynamic principles in the 63 
HYMOSTRUC [15] model. Huang and collaborators proposed an alternative modelling 64 
approach for autogenous healing in high performance concrete [16]. Again, the distribution 65 
and fraction of the unreacted cement particles were determined with the microstructural 66 
model HYMOSTRUC 3D. This time though, the dissociated ions from the clinker minerals 67 
were transported to the crack surface via a diffusion model, while the precipitation of the 68 
hydrates was represented in a thermodynamic model comprising mass and charge balance 69 
as well as chemical equilibrium. The mechanical recovery of the cracked cement paste was 70 
investigated using finite element models by Remmers and de Borst [17] and Hilloulin et al. 71 
[18]. Remmers and de Borst introduced momentum and mass balance equations for a fluid-72 
saturated porous medium and modelled crack rebonding by adding a strength and stiffness 73 
increment of the interface to the constitutive relation that governs the crack opening. Hilloulin 74 
et al., on the other hand, solved a hydro-chemo-mechanical problem in which the chemical 75 
reactions were simulated in a hydration model based on the Arrhenius law. 76 
In this paper a numerical study is presented on the simulation of autogenous healing of 77 
young cement-based materials. Dissolved clinker is modelled as a single solute that can be 78 
diffused and advected due to concentration and water pressure gradients, respectively. The 79 
thermo-hygral model formulated for transport phenomena in a porous medium [19,20] has 80 
been extended with a mass balance equation for the healing product. The kinetics of phase 81 
change, from dissolved clinker to precipitated material, is modelled using Freundlich 82 
equilibrium isotherm. The formation and variation of the porous network before and during 83 
crack recovery is assessed using the microstructural model STOICH_HC2 [21,22]. The 84 
model is validated using data from recent tests undertaken at Cardiff University as well as 85 
from autogenous healing experiments reported in the literature. As discussed more fully in 86 
section 3, the authors consider that the efficiency of this semi-phenomenological model 87 
would allow it to be coupled to a mechanical analysis and employed in the analysis of full-88 
scale structures. The assumptions upon which the model is based means that is more 89 
applicable to early age self-healing than to long-term calcite formation. 90 
 91 
2. Structure of the hydrated cement 92 
The hydration of cement based materials leads, in the early stages of the reaction, to the 93 
appearance of an unstable chemical system with varying physical and chemical properties.  94 
 95 
Figure 1 Water forms within the calcium silicate hydrate gel 
 96 
In the current investigation, the microstructural model STOICH_HC2 [21,22] is adopted to 97 
trace the hydration kinetics of Portland cement. This model, based on Jennings’ description 98 
[23] of the calcium silicate hydrate ( HSC −− ) gel, which is depicted here in Figure 1, takes 99 
into account the quantitative evolution of the mix constituents, the transformation of the 100 
porous network and the chemical shrinkage. According to Jennings, Portland cement 101 
behaves as a colloidal material due to the existence of various water forms. Its gel-like 102 
structure comprises: 103 
• 
+2Ca , +2Si  and −2O  ions that form the solid skeleton of the reacted clinker (SSRC); 104 
• chemically bound water (CBW) strongly attached to the solid skeleton; 105 
• intraglobular, interlayer and adsorbed water (IGW+ILW+AW); 106 
• water in small gel pores (SGW) encapsulated between the silicate globules and 107 
• water in large gel pores (LGW) that separate two neighbouring globule flocs. 108 
The above morphological description contradicts the recent work of Müller et al. [24–26] that 109 
found only two nanoscale pore sizes associated with the calcium silicate hydrate. Their H1  110 
nuclear magnetic resonance (NMR) relaxation tests revealed the fact that the large gel pores 111 
reported by Jennings do not seem to be an intrinsic part of the HSC −− . In spite of this, the 112 
validity of our work does not depend on the veracity of these NMR determined 113 
measurements. The authors acknowledge that if compatibility with Müller et al.’s results is 114 
sought, the classification of our ‘grouped’ water forms and their corresponding relative 115 
humidity boundaries, mentioned below, would need to be altered. 116 
In STOICH_HC2 it is assumed that the sequential desorption of LGW, SGW and 117 
IGW+ILW+AW occurs during three humidity ranges: [60%, 40%), [40%, 11%) and [11%, 0%) 118 
[23,27,28] which are demarcated in terms of water content by four water mole thresholds. 119 
Therefore, the gel liquid phases and the capillary water (CW) are quantified by solving 120 
iteratively the chemical reactions listed in Annex A, Table A. 1 using the four sets of 121 
stoichiometric coefficients from Table A. 2. A brief description of the computational 122 
procedure is presented below, but more details can be found in [21,22]. 123 
The reaction kinetics encompass three main stages: (i) the induction period, (ii) the 124 
nucleation and growth stage and (iii) the diffusion controlled hydration [29,30]. The general 125 
form of the corresponding individual hydration curves is given in equation (1), whilst the 126 
values of the hydration parameters are provided in Annex A, Table A. 3. 127 
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For each time step, the quantities of clinker and water phases consumed during the 128 
hydrolysis are determined using equation (1). The masses of LGW, SGW, GW+ILW+AW 129 
and CBW per unit volume of material are then computed from %60w , %40w , %11w , %0w , which 130 
are the masses of the depleted water within the boundaries of the above mentioned humidity 131 
intervals: 132 
 ( ) ( ) ( )twtwtwLGW %40%60 −=  ( ) ( ) ( )twtwtwSGW %11%40 −=  (2) 
 ( ) ( ) ( )twtwtw AWILWIGW %0%11 −=++  ( ) ( )twtwCBW %0=  
 133 
The microstructural model also predicts the ultimate hydration degree. This parameter is 134 
computed as the ratio between the effective water-cement ratio and the lowest water-cement 135 
ratio that would permit complete hydration [31]: 136 
 
1/
%0
≤=
c
w
cw
Γult  (3) 
 137 
3. Governing equations 138 
Assuming that the gas remains constant at atmospheric pressure [32] and that the 139 
mechanical component does not significantly affect the thermo-hygro-chemical behaviour of 140 
the material, three macroscopic equilibrium equations are derived from the volume 141 
averaging theorem within the hybrid mixture theory [33,34]: 142 
 ( ) ( ) deswaggwhydwDvAwvsws mmmJdivJdivDtDDtD ɺɺɺ +−−=+++ ρρ  (4) 
 ( ) ( ) 0=−∆+− hvvCDTsp QHmJdivDtTDC ɺρ  (5) 
where ( ) deswaggwhydwAwwv mmmJdivm ɺɺɺɺɺ −+++= ρ   
 ( ) ( ) ωωωωρ mJdivJdivDtD DDA
s
ɺ
−=++  (6) 
 143 
In the mass balance equations (4) and (6) the transfer of moisture and solute is assumed to 144 
take place in the capillary pore network. Thus, the averaged densities of water, water vapour 145 
and solute are equal to: 146 
 
w
cap
wcapw S ρηρ =  wgcapv S ρηρ = ; Pcapwg SSS −−=1  wcapwcap S ρωηρω =  (7) 
 147 
The equilibrium equations are formulated based on the work of Gawin and co-authors 148 
[20,35], that can be regarded as standard for such models. The constitutive laws employed 149 
are briefly enumerated in Table B. 1 together with the material parameters valid in the 150 
current investigation for all the numerical examples. 151 
Regarding the three sink/source terms found in the right-hand side part of equation (4): 152 
• 
hyd
wmɺ  accounts for the rate of water consumed during the hydration process and is 153 
computed using the stoichiometrically determined water forms: 154 
 ( ) Γwm
i
ult
i
hyd
w
ɺɺ ∑ ⋅= ; { }CBWAWILWIGWSGWi ,, ++∈  (8) 
• 
agg
wmɺ  represents the rate of absorption/desorption by the aggregate and is given by: 155 
 ( ) ( )






















−−














−+−+=
satsat
rsat
agg
w t
t
c
t
t
cmcmcmcmctm 2100 exp1expα  (9) 
where the parameters equal to: satmc  = 0.578, rmc  =0.5, 0mc  = 0, satt  = 1, 1c  = 0.5, 156 
2c  = 2.178 and α  = 1.035 [22]; 157 
• 
des
wm  is the rate by which the capillary network is supplied with aqueous phase from 158 
the gel pores when the inner relative humidity drops below the critical value of 40% 159 
[23,36,37]. The mass of gel water to be supplied equals: 160 
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 161 
In the enthalpy balance equation (5), all the phases existing in the porous material contribute 162 
to the heat capacity, as follows: 163 
 ( )∑=
π
π
πρρ pp CC ; { }gws ,,∈π  (11) 
The rate of heat generation, hQ , is determined using the relationship:  164 
 
ΓH
dt
ΓdHQ tottoth ɺ==  (12) 
in which: the total heat release at complete hydration equals [38]: 165 
 ( )∑∑=
i
i
i
iitot ffHH ; { }FAGGBCcemi ,,∈  (13) 
and the hydration rate, Γɺ , which represents the summation of the hydration 166 
rates of the different cement compounds, is computed from the STOICH_HC2 167 
model. 168 
The development of the porous network is influenced in the current model by both the 169 
hydration degree and the volume of material that precipitates during self-healing. Using the 170 
principles of Powers’ model [27,39] and the stoichiometric algorithm STOICH_HC2, the 171 
following porosity function is used within the cementitious material:  172 
 173 
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in which the percolation hydration degree perΓ  equals 0.1 and i SCη  has the expression: 174 
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 175 
In the crack zone, on the other hand, the porosity develops according to: 176 
 ( ) ( )( )Ppmicz
cz
P
P
cz
i VΓdV
VVΓ ,11, ηη −−= ; { }totcapi ,∈  (16) 
where czd  is a coefficient that increases the porosity of the deposited material based on a 177 
locally higher water-cement ratio. It is clear that when transported material is first 178 
precipitated, the water cement ratio is extremely high, if based on the total amount of water 179 
in a crack. Therefore an assumption is needed that gives a realistic cw /  ratio that results in 180 
a material with, initially, a relatively high but realistic porosity. This constant ( czd ) is 181 
calibrated using data from the first example and then adjusted accordingly for the other 182 
examples. At present, back-calibration is our only means of identifying this constant, due to 183 
the lack of the extremely detailed experimental data that would be required to measure its 184 
value independently. 185 
Returning to the mass balance equation (6), the sink source term ωmɺ  accounts for 186 
autogenous healing which, from the chemical point of view, represents an interaction 187 
between the liquid phase containing various dissociated ions from the unreacted cement and 188 
the solid compounds. The dissolution of the clinker minerals leads to the supersaturation of 189 
the aqueous phase with respect to the hydrates and is followed by precipitation from 190 
solution. In general, these types of reactions are well modelled using the thermodynamic 191 
principles. However, in the case of cement science, the available database from 192 
geochemical systems cannot be used since it does not contain sufficient information for the 193 
relevant solids and aqueous species. The addition of the missing data is an extremely 194 
challenging task, as discussed in [40], because both the experimental and numerical 195 
determination of the solubility of the clinker minerals has several limitations. For this reason, 196 
a simplified approach, which assumes thermodynamic equilibrium between precipitated and 197 
dissolved chemical products, was investigated in the current research to simulate the overall 198 
formation and accumulation of hydrates in the crack. A Freundlich type isotherm, which 199 
according to Chen et al. [41] is widely used to describe the adsorption of solutes in solution 200 
by solid phases, was preferred and employed. This approach was also presented in [42,43] 201 
to model salt ( NaCl ) precipitation/dissolution process in mortars. The isotherm given in (17) 202 
links the degree of pore saturation with precipitated salt, pS , to the concentration of 203 
dissolved clinker, ω : 204 
 
Pcap
wPp SS
βωα=
 (17) 
This relationship, in which Pα  depends on the binder composition of the cement-based 205 
material and Pβ  represents the order of the chemical process, is used to obtain the 206 
expression of ωm as follows: 207 
 ( ) capwcapwP PSm ηρωα βω =  (18) 
At the initiation of the autogenous healing process, the starting value of ω  is computed as a 208 
mass ratio between the existing unhydrated cement and the effective capillary water:  209 
 
LGWCW
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m
m
+
=0ω  (19) 
where the mass of effective capillary water, LGWCWm + , is given by the expression: 210 
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This initial concentration is calculated assuming that during the induction period of cement 211 
hydration, a semipermeable layer of HSC −−  forms around the SC3  grain [44,45]. The 212 
transport of +2Ca  and −OH  between the grains and the pore solution is permitted, but the 213 
release of the larger silicate anions is hindered until the osmotic pressure, that builds up 214 
during the preferential diffusion, breaks down the protective layer. Therefore in order to 215 
account for this effect in the proposed numerical investigation, a reduction coefficient UCPn  is 216 
applied to the overall initial available mass of unreacted clinker, as can be seen in equation 217 
(21): 218 
 ( )[ ]( ) 





+
−
−+= ultclink
ult
endSTultult
clinkFAcemUCPUCP m
Γ
ΓΓ
mmmnm 1  (21) 
 219 
Our somewhat phenomenological approach to the simulation of self-healing transport and 220 
precipitation processes warrants a few further remarks. A number of authors have recently 221 
developed models that attempt to simulate the diffusion of individual ions and precipitation of 222 
specific chemicals (e.g. calcite) [46–48]. These models are dependent and sensitive to some 223 
highly variable and uncertain parameters, such as chemical diffusion and kinetic rate 224 
constants as well as permeability coefficients. This type of model would become very 225 
expensive if all of the chemical processes associated with self-healing cementitious 226 
materials were to be simulated. Indeed, if models are going to be employed for the analysis 227 
of real structures, some more tractable and efficient approaches are needed in the near to 228 
mid-term. The proposed semi-phenomenological model potentially provides such an 229 
approach. As Hilloudin et al. [18] point out ‘Modelling the autogenous healing in concrete is 230 
still a great challenge because it relies on the development of coupled models. Further 231 
investigations are needed to understand the recovery of mechanical and transport 232 
properties’. 233 
Most authors agree that ‘autogenic’ self-healing is greatest in young cementitious materials 234 
when there is a significant amount of unhydrated cement and water [3,11,12,16,47]. By 235 
implication, under these conditions, materials have a more open pore structure than in their 236 
mature state. The pore structure, in particular the network of capillary pores, is known to be 237 
a significant factor in the efficiency of self-healing [47]. The proposed model is able to 238 
capture these features, particularly because it tracks the amount of hydrated material and 239 
water forms, as well as having a proper link to developing porosity. The model is most 240 
applicable to simulating self-healing in relatively young materials and since cracks frequently 241 
form in the first few months of a structure’s life [49], this aspect of self-healing is considered 242 
to be very important. 243 
A number of recent self-healing experiments have suggested that the material deposited in 244 
cracks contains significantly more portlandite ( CH ) (which will subsequently will form calcite 245 
in the presence of 2CO ) than HSC −−  [16,50,51]. The hydration model considers all main 246 
hydration compounds, which encompasses both HSC −−  and CH , and keeps track of the 247 
amount of all main unhydrated cementitious components. Whilst the exact nature of the 248 
healing material may be of interest, the present self-healing transport model – that does not 249 
distinguish between these two main compounds – has considerable value provided the 250 
mechanical properties of the deposited material are known. These can be established from 251 
separate mechanical experiments.  252 
The authors fully acknowledge that this model, as with all other existing coupled models for 253 
transport processes in cementitious materials, has a number of parameters that have to be 254 
calibrated for specific problems. These include the czd  parameter from equation (16) and the 255 
Freundlich constants in equation (17), all of which are guided by general considerations and 256 
previous work and then calibrated using the examples below. As with other existing coupled 257 
models for cementitious materials, true predictions can only be undertaken if sufficient prior 258 
data exists for calibration.  259 
 260 
 261 
 262 
4. Numerical formulation 263 
The non-linear system, which comprises equations (4) to (6), is solved in space by means of 264 
the finite element method formulated using Galerkin’s weighting procedure [19,20,52]. The 265 
equilibrium relationships are expressed in terms of the principal variables capwS , T  and ω  in 266 
the domain   and Cauchy type boundary conditions from equations (22), (23) and (24) are 267 
applied. 268 
 ( ) ( ) 0=−−−⋅+ envvvwvwvDvAw qnJJ ρρδ  on 1qΓ  
321 qqqq ΓΓΓΓ UU=  
(22) 
 ( ) ( ) 0=−−−⋅∆− envTTvAwCDT TTqnHJJ δ  on 2qΓ  (23) 
 ( ) ( ) 0=−−−⋅+ envDDA qnJJ ωωδωωωω  on 3qΓ ; (24) 
The Gauss-Green Divergence Theorem [19] is used to obtain the weak form of the 269 
elemental system of equations, which is then assembled to give the following global 270 
algebraic system: 271 
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 272 
The integrands included in the assembling procedure depend on the principal variables as 273 
can be seen in Annex C. Further details may be found in [21]. 274 
To perform the time discretisation of the proposed THC model, an implicit finite difference 275 
approximation [19] is applied to equation (29) that represents the condensed form of matrix 276 
equation (25): 277 
 FΦKΦC ˆˆˆ =+ɺ  (29) 
 278 
The residual of the above relationship at the current time step n equals: 279 
 ( ) ( ) ( )( )FΦKΦΦCΦΨ 1-nnn ˆˆˆ 1 −−+−= −nn tt  (30) 
 280 
This residual is minimised for each time step in a Newton-Raphson-type iterative procedure. 281 
The vector of variables is updated successively by the increment 1+knΦδ  until the L2 norm of 282 
Ψ  is lower than a specified tolerance: 283 
 
11 ++ += kn
k
n
k
n ΦΦΦ δ  (31) 
 284 
The increment is computed using the standard procedure of equating the truncated form of 285 
Taylor’s series expansion for Ψ  to zero, which results in the following: 286 
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(32) 
where the Jacobian of the approximation error, 
Φ
Ψ
∂
∂
, is: 287 
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5. Numerical simulations 289 
In the following section, three self-healing experiments are considered. The first is based on 290 
data obtained by Davies [53] in our laboratories at Cardiff, the other two use data from the 291 
tests of Huang et al. [16] and Van Tittelboom [50] respectively. The selection of the 292 
experiments was made with the intention of testing the efficiency of the proposed THC 293 
model under different healing conditions. Attention was focused on studying the influence of 294 
the crack width and of the available quantity of unhydrated cement upon the material 295 
behaviour. The mix designs listed in Table 1, which are made of Portland cements with 296 
different chemical compositions (see Table 2), were investigated. Their porous network and 297 
hydration characteristics were evaluated numerically using the microstructural model 298 
STOICH_HC2 in order to provide the input needed for the autogenous healing model. The 299 
parameters given by STOICH_HC2, required for defining the porosity curves and the initial 300 
concentration of unreacted clinker in the capillary water, are found in Table 3. 301 
Table 1 Mix design of investigated cementitious materials  
 302 
Mix type 
cemm  FAm  wm  aggm  eaV  cemρ  FAρ  aggρ  dryρ  
M1 400 171.4 285.7 1200 0.015 3168 2330 2400 1770 
M2 1614 – 484.2 – 0.003 3150 – – 1615 
M3 539 – 215.6 1617 0.003 3150 – 2650 2156 
 303 
 304 
 305 
 306 
Table 2 Chemical composition of different types of cementitious mixes 
 307 
 cement type ACf 3  SCf 3  SCf 2  AFCf 4  3SOf  gypsumf   
M1 CEM II/B-V 32.5R 3.03 57.28 23.98 7.59 2.04 4.39  
M2 CEM 42.5N 8.00 64.00 13.00 9.00 2.57 5.53 [16] 
M3 CEM I 52.5 N 6.34 63.88 5.50 12.14 3.07 6.60 [54] 
 308 
Table 3 Data from STOICH_HC2 model 
 309 
 
cap
SCη  
tot
SCη  ultCWm  
ult
LGWm  
ult
clinkm  ultΓ  
M1 0.279 0.144 121.77 29.92 17.76 1 
M2 0.204 0.104 0.13 89.85 515.58 0.67 
M3 0.272 0.138 ≈0 39.91 38.29 0.98 
 310 
As was discussed earlier, in the crack region there is an increased water-cement ratio and 311 
thus a greater porosity of the deposited material is expected. In order to estimate czd  from 312 
equation (16), a local cw /  ranging between 4.5 and 5 was assumed. Thus, the adopted 313 
values of czd  are: 3.2 for M1, 3.4 for M2 and 5.5 for M3. 314 
Regarding the reactive transport processes associated with self-healing, Table 4 provides 315 
the data necessary for defining the movement of the solute and the Freudlich type isotherm 316 
mentioned in equation (17). In this table the reader can also identify the values of the 317 
thermo-hygral material parameters that vary with the mix composition. In all of the examples, 318 
the density of the precipitated material, Pρ , is taken 2600 kg/m3, whilst the tolerance used in 319 
the Newton-Raphson solution of the nonlinear finite element equations is taken as 10-3. 320 
Table 4 also includes some additional comments that provide guidance of how these model 321 
parameters were obtained. 322 
  323 
 324 
Table 4 Thermo-hygro-chemical parameters 
 325 
 M1 M2 M3 Comments 
  
7 
days 
14 
days 
28 
days  
 
Pα  2.5 0.042 0.023 0.025 5.5 Pα  and Pβ  are guided by 
general considerations found 
in [42,55] and then calibrated 
using the examples below. 
Pβ  0.07 10 10 8 1 
s
pC / FApC  840 840 840 
s
pC / FApC  is based on the value 
given in reference [56]. 
molD  1*10-8 3*10-9 5*10-8 
molD  were originally set to the 
values 1*10-9 m2/s and 
1.44/1.62/1.82*10-9 m2/s given 
in [42] and [57], respectively, 
and then calibrated for the 
present data. 
wvδ  2.5*10-4 3*10-4 3*10-3 wvδ  and Tδ  are based on the 
values given in reference [22]. 
Tδ  4 13 4 
ωδ  10-6 10-6 10-6 ω
δ  is based on the value given 
in reference [57]. 
mat
wk
int
 
5*10-21 2*10-21 2*10-21 
mat
wk
int
 were originally set to 
the values 5*10-21 m2 and  
6*10-22 m2 given in [22] for 
cement pastes and concrete 
mixes and then calibrated for 
the present data. Their values 
are also similar those reported 
in [58]. 
a
 183.80 370.57 183.80 a , b  and ηc  are based on the 
values given in reference [22] 
for cement pastes and 
concrete mixes. 
b  2.28 2.17 2.28 
ηc  
-10 -11 -10 
 326 
5.1 Example 1 327 
In the first experiment considered [53], a rectangular beam (255 X 75 X 75mm) was cast 328 
using the cementitious mix M1. A steel shim was used to pre-form a narrow central notch of 329 
0.2mm in the lower face of the specimen, as can be seen in Figure 3 (a). The beam was left 330 
in the mould and covered with a hessian sack for 26 hours at 50% environmental relative 331 
humidity and 293K. The steel shim was removed after the first 6 hours and the mortar beam 332 
was completely immersed in water for 13, 27 and 41 days. At the end of these time intervals, 333 
the sample was broken in a three-point bending test and the crack recovery was visually 334 
measured at the central notch. The camera images of the cross section revealed the 335 
formation of a white crystalline substance on the external surface and the building up of a 336 
ridge of material with the same colour as the bulk sample, in the interior. SEM tests detected 337 
portlandite ( CH ), ettringite ( 3236 HSAC ) and calcium-silicate-hydrate, whilst XRD tests 338 
identified portlandite, silica and calcite ( 3CaCO ) in the composition of the deposited material. 339 
All the images were processes using ImageJ (see Figure 2) and the degree of self-healing in 340 
terms of area fraction of new precipitated material was estimated. 341 
  342 
 343 
(a) 
 
 
(b) 
 
 
(c) 
 
 
 344 
Figure 2 Samples of processed self-healed cross sections at (a) 13, (b) 27 and (c) 41 days; 
hx = 127.4 mm 
 345 
The environmental conditions were symmetrical with respect to the middle cross section 346 
throughout the self-healing process. The proportion of mesh adjacent to the crack, which is 347 
formed of 101 (21 X 5) bilinear finite elements, is depicted Figure 3 (b).  348 
 
 (a) (b) 
 349 
Figure 3 Experimental set-up of the example 1 
 350 
For the time discretisation, a varying time step t∆ , expressed in seconds, is adopted: 351 
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 352 
The thermo-hygral variables at the beginning of the self-healing process correspond to the 353 
values reached at 26 hours after casting. A preliminary TH simulation of the moist air curing 354 
(using the model in [22]) stage was carried out to evaluate the TH state at the end of this 355 
stage, the results from which are presented in Figure 4. The corresponding hydration degree 356 
of the mix, used in equations (21) and Error! Reference source not found., equals to 357 
1endSTΓ  = 0.30, while the initial concentration of solute is 0ω  = 0.49. 358 
(a) 
 
(b) 
 
 359 
Figure 4 Example 1: distribution of capwS  and  at the end of moist air curing 
 360 
The Freundlich type isotherm is calibrated to account for both the potential ongoing 361 
hydration and carbonation. The numerical results from Figure 5 show that the deposition of 362 
the new material occurs during the first days of autogenous healing throughout the sample.  363 
T
(a) 
 
(b) 
 
 364 
Figure 5 Distribution in time of the mass of precipitated material in (a) mortar and (b) crack 
 365 
 
 
 366 
Figure 6 Evolution of the self-healed area fraction in the crack 
However, the process is less intense within the mortar beam and diminishes after the 3rd 367 
day, while in the crack region, the accumulation is continuous and much more significant. In 368 
terms of self-healed area fraction, Figure 6 confirms that the numerical findings are in good 369 
agreement with the experimental data, especially at the 14th and 27th day of curing. 370 
 371 
5.2 Example 2 372 
The second example simulates the experiment performed by Huang et al. [16] that 373 
quantifies, by means of ESEM observations, the precipitation of healing products in cracks 374 
having refw  ≈ 10m in width. The cement paste prisms M2 (160 X 40 X 40mm) were cast 375 
and subjected to controlled three-point bending tests after 7, 14 and 28 days from casting. 376 
Once the crack was formed, the specimens were introduced in sealed containers partially 377 
filled with water, in order to avoid carbonation, and left there to heal for about 200 hours. The 378 
temperature measured in the surrounding environment of the prisms was 20 ± 1°C. The 379 
schematic representation of the experiment is given in Figure 7 (a). 380 
 (a) 
 
(c) 
 
(b) 
 381 
Figure 7 Experimental set-up and meshing for the numerical examples 2 and 3  
 382 
The present model does not consider capillary flow in the discrete crack, in the sense 383 
described by Gardner et al. [59]. However, our continuum flow model predicts that the entire 384 
crack becomes saturated during the self-healing period, which is consistent with the 385 
experimental observations of Huang et al. [16].   386 
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At the end of the self-healing period, the morphology of the precipitates was investigated 387 
using ESEM equipped with EDS, whilst the mineralogy and the percentage of each 388 
constituent in the crack were established in FTIR and TGA tests. Huang et al. identified both 389 
crystal and gel-like healing products that contained: CH , 3CaCO and other hydrates, 390 
including HSC −− . 391 
 392 
The amount of newly formed hydrates was quantified using BSE image analysis. The 393 
specimens were impregnated with epoxy, cut in 3 sections along the crack and 105 images 394 
per specimen were taken and examined. The effective measured crack width at different 395 
times was employed to compute the normalized filling fraction according to: 396 
 
ref
crack
norm
w
w
⋅= γγ
 (35) 
During the self-healing experiment, only the bottom part of the prism was submerged due to 397 
a limited amount of water. Moreover, the environmental conditions were symmetrical with 398 
respect to the middle cross section. The proportion of mesh adjacent to the crack, composed 399 
of 80 (16 X 5) bilinear finite elements, is depicted in Figure 7 (c). 400 
For this numerical example a constant time step equal to 3600 seconds was chosen. The 401 
starting values of capwS  and T , presented here in Figure 8, as well as the initial hydration 402 
degrees and concentrations of solute, listed in Table 5, were taken from a TH simulation 403 
(using the model in [22]) that considered moisture sealed curing conditions for 7, 14 and 28 404 
days. The modelled crack had an initial size of 10m and was filled with water throughout 405 
the experiment. 406 
 
 407 
Figure 8 Example 2: distribution of capwS  and T  before autogenous healing 
 408 
Table 5 Initial values for Example 2 
 409 
 7 days 14 days 28 days 
1endSTΓ  0.54 0.58 0.62 
0ω  1.30 1.39 1.47 
 410 
Figure 9 shows the self-healing efficiency due to further hydration under saturated 411 
conditions. The simulation results are reasonably consistent with the experimental findings, 412 
especially for the first 150 hours in the case of the specimen cracked at 7 days. In the case 413 
of the older cement pastes, that are plotted in Figure 9 (b) and (c), a slight overestimation of 414 
the crack recovery can be observed. Nevertheless, as can be seen in Figure 9 (d), the 415 
proposed THC model confirms the experimental observation that the filling fraction of the 416 
crack diminishes with the maturity of the paste. 417 
 
 (a) (b) 
 
 
(c) (d) 
 418 
Figure 9 Example 2: Normalized filling fractions 
 419 
 420 
5.3 Example 3 421 
The experiments considered in this third example [50] used reinforced mortar prisms (mix 422 
designation M3, dimensions 160 X 40 X 40mm and two 2mm diameter reinforcing bars), 423 
which were cast and left in an air conditioned room (20 ± 1°C and relative humidity > 95%). 424 
At 28 days the specimens were first subjected to cracking in a three-point bend test and then 425 
were totally immersed in basins filled with tap water for 1, 4, 7, 21 and 42 days, as illustrated 426 
in Figure 7 (b). When removed from the basins, the surfaces of the specimens were dried 427 
with paper towels and exposed to the air for a few minutes. The change in crack width at the 428 
surface of each specimen was measured in nine locations using a stereo microscope 429 
equipped with a camera. The visual investigation at the crack surface revealed the formation 430 
of a white crystalline material reported to be 3CaCO  [50]. The measured surface crack 431 
widths were plotted as a function of the initial surface crack width and two areas, ( )0tAcrack  432 
and ( )tAcrack , were computed. The first represents the area under the curve connecting the 433 
initial measuring points, while the second corresponds to the area under the curve 434 
connecting the measuring points obtained after t  days of water immersion. The crack self-435 
healing ratio ( ( t )γ ) for cracks ranging between 0 - 125m and 125 - 250m was defined by 436 
Van Tittelboom, et al. [50] to be: 437 
 ( )
( )01)( tA
tA
t
crack
crack
−=γ
 (36) 
 438 
The spatial discretisation in the vicinity of the crack is composed of 80 (16 X 5) bilinear finite 439 
elements as can be seen in Figure 7 (c). The crack widths considered are the mean values 440 
of the above mentioned ranges, that is 62.5m and 187.5m. Figure 10 provides the initial 441 
values of the TH variables considered.  442 
 
 
 443 
Figure 10 Example 3: distribution of wS  and T  before self-healing 
 444 
The microstructural model STOICH_HC2 shows that 91% of the hydration reaction had 445 
occurred before the onset of self-healing and that 38.29 kg/m3 of unreacted clinker can still 446 
be found in the mix. Hence, for these experimental conditions, 0ω  is equal to 0.43. The time 447 
step selected for the Newton-Raphson procedure is the same used for numerical example 1. 448 
The comparison of the current simulations with the experimental data is illustrated in Figure 449 
11. The numerical results in the case of the 62.5m crack closely match the laboratory data 450 
reported by Van Tittelboom et al. [50]. It is evident that in less than 14 days of curing, the 451 
precipitates have filled more than 95% of the crack. For the larger crack however, the 452 
healing capacity is visibly over estimated for day 3 (of curing) and underestimated for the 453 
42nd day. In this case, the recovery reaches only approximately 70%. 454 
 455 
Figure 11 Example 3: Evolution of the crack self-healing ratio 
 456 
The amount of material transported is sensitive to both the diffusion and advection model 457 
parameters, and thus we conclude that it is important to consider both mechanisms in such a 458 
model. In all three examples we have simulated self-healing from the amount of unhydrated 459 
cement in suspension at the start of the healing period. It has been assumed that the solid 460 
deposited in the cracks derives from the cement employed in the experiments simulated, 461 
although the individual nature of the compounds deposited is not distinguished in these 462 
simulations. Knowledge of the rate of crack filling is one of the essential components needed 463 
for a prediction of the coupled thermo-hygro-chemico-mechanical (THCM) response of an 464 
autogenous self-healing system. In addition, the mechanical properties of the deposited 465 
hydrated-cement, along with the bond properties of interface between the matrix and crack-466 
filling material, are also required. These have not been obtained here but it is believed that 467 
the present model shows that a semi-phenomenological model, that considers dissolved 468 
clinker as a single reactive transport variable, can adequately represent some of the 469 
important aspects of a self-healing system. 470 
 471 
6. Conclusions and closing remarks 472 
In this paper a coupled thermo-hygro-chemical model was described for the simulation of 473 
autogenous healing in ordinary cementitious materials. Further hydration was modelled and 474 
a general reactive transport process was simulated in which the solute consisted of the four 475 
main clinker minerals. The proposed model traced in time the concentration of the dissolved 476 
material from the unhydrated cement. An equilibrium Freundlich type isotherm was chosen 477 
to enable the phase change and therefore the formation of the healing products in the 478 
cracks. The following conclusions can be drawn from the work: 479 
- the model is most applicable to self-healing in relatively young cementitious 480 
materials; 481 
- diffusion and advection both have a significant influence on the amount of material 482 
transported to a crack during early age self-healing;  483 
- the porosity of the precipitate in the crack region is higher than the porosity of the 484 
hydrates found in the bulk material; 485 
- the calculated filling fraction of cracks is in agreement with the quantitative results 486 
reported in the literature, which signifies that the proposed THC model behaves 487 
satisfactory when predicting autogenous healing; 488 
- larger amounts of unhydrated cement leads to higher filling fractions, although the 489 
initial concentration of the solute in younger cement pastes is lower; 490 
- the degree of autogenous crack healing increases with reducing crack width. 491 
The requirement for model parameters to be calibrated to experimental data is a feature of 492 
this and other THC models. The issue of defining easily identifiable model parameters, 493 
determining their values and statistical characteristics, and reliably establishing the 494 
sensitivity of model simulations to these parameter values are some of the major challenges 495 
facing researchers on THCM models for self-healing materials. 496 
 497 
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Annex A 504 
 505 
Table A. 1 Chemical reactions for the hydration of ordinary Portland cements 
 506 
 Stage Stoichiometry of the reaction Ref. 
AC 3  
I ( ) 136123 63 zHSACHzHSCAC →−++  [44,60] 
II ( ) 24121363 33 zz HSACHzzHSACAC →−++  [44,60] 
III 
( ) ( )
3323243
,22 zz HCHSCACHzzCHHSACAC →−+++  [61] 
( )
4443
1 zAHCHzCHAC →−++  [44] 
SC3  I ( ) CHSHCHySC y 3.13.1 7.13 +→++  [62] 
SC2  I ( ) CHSHCHySC y 3.03.0 7.12 +→++  [62] 
AFC4
 
I ( ) →−+++ HzzHSCAFC 65.0375.0 6524 ( ) ( ) 6536 ,5.0, zz AFHSFAC +  [44,61] 
II ( ) ( ) →−+++ HzzzHSFACAFC z 567364 3,5.1 5 ( ) ( ) 674 ,,3 zz AFHSFAC +  [44,61] 
III ( ) ( ) 8384 ,2222 zHFACHzCHAFC →−++  [63] 
 507 
Table A. 2 Stoichiometric coefficients for the hydration reactions of Portland cement 
 508 
Relative humidity y  1z  2z  3z  4z  5z  6z  7z  8z  
[60%,40%) 4 32 12 12 13 32 3 12 6 
[40%,11%) 3.15 25.06 10.89 9.75 10.56 26 2.43 9.75 4.88 
[11%,0%) 2.10 14.41 9.19 6.30 6.83 16.80 1.58 6.30 3.15 
≈0% 1.30 7 8 4.40 4.23 10.40 0.98 3.90 1.95 
 509 
Table A. 3 Kinetic parameters of cement mixes taken from [64] according to [30] 
 510 
Kinetic 
parameter cw /  SC3  SC2  AC3  AFC4  
I
XΓ   0.02 1*10
-6 0.04 0.4 
I
Xt  
0.5 856.8 0.2 7084.8 30816 
0.4 914.4 0.2 7696.8 34848 
0.3 972 0.3 8308.8 38880 
Xκ  
0.5 0.05 0.02 0.02 0.02 
0.4 0.04 0.01 0.02 0.02 
0.3 0.04 0.01 0.02 0.02 
XK  
0.5 1.72 0.96 1.00 2.30 
0.4 1.79 1.03 1.07 2.37 
0.3 1.86 1.10 1.14 2.44 
NG
Xt
 
0.5 3.66*104 4.67*104 3.59*104 7.95*104 
0.4 4.17*104 6.02*104 4.54*104 9.38*104 
0.3 4.72*104 7.58*104 5.64*104 1.09*104 
XD
 
 6.94*10-20 2.22*10-20 11.11*10-20 2.50*10-20 
NG
XΓ   0.27 0.21 0.19 0.45 
ckR   251*10-6 
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Table B. 1 Constitutive laws for the TH behaviour of cementitious materials 
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Expression of the integrands used to define equations (26), (27) and (28) 516 
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